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Abstract

Recently, Landman, Pel and Kaasschieter proposed an analytic solution for a non-linear drying problem using a

quasi-steady state solution. This analytic model for drying is explained here. An important consequence of this model is

that the drying front has a constant speed when it is entering the material. This is also observed in experiments. On the

basis of this constant drying front speed comparisons are made between the analytic model and numerical simulations.

Finally comparisons are made between measured moisture profiles during drying and the analytic model. � 2002

Elsevier Science Ltd. All rights reserved.
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1. Introduction

Drying of porous media is a current topic of research

in many areas, e.g., chemical engineering, civil engi-

neering and soil science. A thorough understanding of

drying will have many technical and economic conse-

quences. In engineering applications one prefers a simple,

but adequate description, which simulates the drying of a

material correctly. It is usual for the moisture transport

to be described by a non-linear diffusion model (see, e.g.,

[1–17])

oh
ot

¼ o

ox
DðhÞ oh

ox

� �
: ð1Þ

In this equation h is the moisture content and DðhÞ is the
moisture diffusivity. In this ‘lumped’ model all mecha-

nisms for moisture transport, i.e., liquid flow and vapour

diffusion, are combined into a single moisture diffusivity,

which is dependent on the actual moisture content.

Whitaker [2] and Bear and Bachmat [3] provide a more

fundamental basis for this diffusion model using volume-

averaging techniques.

For the one-dimensional drying problem considered

here the boundary condition at the left drying surface is

given by

DðhÞ oh
ox

¼ bðhmðhÞ � haÞ; ð2Þ

where b is the mass transfer coefficient, ha is the relative
humidity of the exterior air and hmðhÞ is the relative

humidity of the material at the surface which is deter-

mined by the desorption isotherm. At the vapour-tight

right-hand side there is a no-flux condition.

In general two stages can be identified during the

drying process. Initially the drying is determined by

the external conditions, i.e., the moisture transport in

the material is faster than the mass transfer out of the

material by the air flow. As a result, the moisture pro-

files in the material will be rather flat and uniform.

However, as soon as the air-blown surface becomes dry a

drying front will enter the material. Now it is the internal

moisture transport that limits the drying rate of the ma-

terial. Both the drying rate and the heat extracted from

the sample are strongly decreased. In general from this

time onwards the drying experiment can be considered as

isothermal (see e.g., [4,5]). During this second stage the
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moisture profiles, which exhibit a moving drying front,

are determined by the material properties such as mois-

ture diffusivity.

This moisture diffusivity DðhÞ must be determined

experimentally for the porous material of interest. By

measuring the transient moisture profiles during drying,

the diffusion coefficient can be determined directly (see

e.g., [4,5]). The resulting moisture diffusivity has a deep

minimum for many building materials, as shown for

fired-clay brick [4–8], clay [9,10], sand–lime brick [5,6],

gypsum [5,11], cellular concrete [7,12], mortar [8] and

soil [13,14]. In Fig. 1 the general form of the moisture

diffusivity is indicated by the dashed line.

From the shape of the moisture diffusivity curve in

Fig. 1, two regimes can be identified that relate to certain

ranges of the moisture content. At high moisture con-

tents the moisture transport is dominated by liquid

transport. With decreasing moisture content the large

pores will be drained and will therefore no longer con-

tribute to liquid transport. Subsequently the moisture

diffusivity will decrease. Below a so-called critical mois-

ture content, the water in the sample no longer forms a

continuous phase or the transport between remaining

water clusters has become very low. Hence the moisture

has to be transported by vapour and this transport will

therefore be governed by the vapour pressure. For low

moisture contents the moisture diffusivity begins to in-

crease again. The minimum in the moisture diffusivity

therefore indicates the transition from moisture trans-

port dominated by liquid transport to moisture trans-

port dominated by vapour transport. This transition

from liquid to vapour transport corresponds to the

drying front in the moisture profiles.

Using such measured moisture diffusivity relations,

the drying process can be simulated under various con-

ditions and geometries. Until now, numerical simula-

tions have been the only way to solve the non-linear

diffusion equation. However, numerical simulations pro-

vide no basic understanding of the drying process. Re-

cently Landman et al. [18] proposed an analytic solution

based on quasi-steady states which broadens our un-

derstanding of the drying process. It is beyond the scope

of this article to go into the full details of the mathe-

matical derivation of the solution. In this paper the

discussion will be limited to the second drying stage

during which the drying is internally limited and the

moisture profiles exhibit a front. Here the analytic model

will be compared with numerical simulations. Further-

Nomenclature

A1 constant ðm2 s�1Þ
A2 constant ðm2 s�1Þ
b1 constant (dimensionless)

b2 constant (dimensionless)

D moisture diffusivity ðm2 s�1Þ
g function (dimensionless)

ha relative humidity of the air (dimensionless)

hm relative humidity of the material (dimen-

sionless)

L sample length (m)

s position of drying front (dimensionless)

S position of drying front (m)

t time (s)

U constant (dimensionless)

x position (m)

a function (dimensionless)

b mass transfer coefficient ðm s�1Þ
D moisture diffusivity (dimensionless)

h moisture content ðm3 m�3Þ
hm moisture content at minimum of the mois-

ture diffusivity ðm3 m�3Þ
h1 moisture content at which the relative hu-

midity of the material matches ha ðm3 m�3Þ
n position (dimensionless)

s time (dimensionless)

Fig. 1. The general form of the moisture diffusivity and the

approximation of this diffusivity as used in the analytic model.
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more, a comparison is made between analytic solutions

and the measured moisture profiles during drying of

fired clay brick, sand–lime brick and gypsum. Finally,

also a comparison is made between the moisture diffu-

sivity determined from the measured moisture profiles

and those determined by fitting the analytic model to the

measured moisture profiles.

2. The analytic solution

The drying problem can be restated in the following

dimensionless form:

oh
os

¼ o

on
DðhÞ oh

on

� �
; ð3Þ

where the dimensionless spatial position is given in terms

of L, the length of the sample

n ¼ x
L
: ð4Þ

For our materials, there is a clear and deep minimum in

the moisture diffusivity, occurring at a moisture content

denoted by hm. Here we have chosen to scale the mois-

ture diffusivity relative to this minimum in the moisture

diffusivity as

DðhÞ ¼ DðhÞ
DðhmÞ

ð5Þ

and to scale the time variable by:

s ¼ DðhmÞ
L2

t: ð6Þ

In the second drying stage when the drying is internally

limited, the boundary conditions are well approximated

by

hð0; sÞ ¼ h1; ð7Þ

oh
on

ð1; sÞ ¼ 0; ð8Þ

where the boundary moisture content h1 is given by

hmðh1Þ ¼ ha: ð9Þ

In order to obtain a fully analytic solution, the moisture

diffusivity will be approximated by:

DðhÞ ¼ A1eb1h; h P hm;

DðhÞ ¼ A2e�b2h; h6 hm;
ð10Þ

as illustrated by the straight lines in Fig. 1. Hence the

material moisture diffusivity is characterized in the liq-

uid moisture transport phase by the parameters A1 and

b1, and in the vapour transport phase by the parameters

A2 and b2. Alternatively one can also characterize the

diffusivity by DðhmÞ, hm, b1, and b2. Hence the scaled

moisture diffusivity is given by

DðhÞ ¼ eb1ðh�hmÞ; hP hm;

DðhÞ ¼ e�b2ðh�hmÞ; h6 hm:
ð11Þ

It should be noted that DðhmÞ and the actual minimal

moisture diffusivity may be different. Using a quasi-

steady state solution Landman et al. [18] show that the

moisture profiles are given by

hðn; sÞ ¼ hm þ 1

b1
ln 1

��
� b1U þ n

gðsÞ

�

� n � b1UgðsÞ
1þ ð1� b1UÞgðsÞ

�
; h P hm; ð12Þ

hðn; sÞ ¼ hm � 1

b2
ln 1

�
þ b2U � b2

b1

n
gðsÞ

�
; h6 hm:

ð13Þ

Here Eq. (12) describes the liquid dominated part of the

moisture profiles, whereas Eq. (13) describes the vapour

dominated part. The parameter U is given by

U ¼ 1

b2
eb2ðhm�h1Þ�

� 1
�

ð14Þ

and the function gðsÞ is defined in terms of the front

position.

The moisture content hm corresponding to the mini-

mum in the moisture diffusivity indicates the position of

the front. We call this position sðsÞ, so that hðsðsÞ; sÞ ¼
hm. In the quasi-steady state solution this position is

given in terms of gðsÞ as
sðsÞ ¼ b1UgðsÞ: ð15Þ

In Fig. 2, typical quasi-steady state moisture profiles as

given by the analytic approximations Eqs. (12) and (13)

are illustrated for increasing values of gðsÞ. As can be

seen these profiles clearly show a drying front entering

the material, and the moisture content corresponding to

the minimum in the moisture diffusivity indicates the

position of the front.

In order to give the solution explicitly in dimen-

sionless time s it can be shown that the function gðsÞ can
be approximated by a linear function as

gðsÞ ¼ a b1U ;
b1
b2

� �
s: ð16Þ

The complete expression for a is given in the Appendix

A. Since the position of the drying front is linear with

time, the drying front has a constant speed as it is en-

tering the material, i.e.

dsðsÞ
ds

¼ b1Ua b1U ;
b1
b2

� �
: ð17Þ
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This can be rewritten back to

dSðtÞ
dt

¼ b1U
DðhmÞ
L

a b1U ;
b1
b2

� �
; ð18Þ

where S is the position of the front in real coordinates.

Hence as can be seen from Eq. (18) the speed of the front

is not only determined by the vapour transport, i.e., the

parameters U and b2 but is also determined by the liquid

moisture transport, i.e, the parameter b1.
In various experiments [5,6,10], the moisture profiles

were measured as a function of time. For these, the time

evolution of the drying front position can be determined

as illustrated in Fig. 3. As clearly illustrated in all cases

there is an approximately linear relation between the

position of front and the time. Hence the drying front

has a constant speed as predicted from the analytic so-

lution (Eq. (17)). This linear relationship was also found

by van Brakel [19]. He was, however, unable to explain

this on the basis of a model.

3. Comparisons between the analytic model and numerical

simulations

The constant speed of the drying front gives a good

basis for benchmarking the analytic solution with a nu-

merical simulation. Moisture profiles during drying were

computed using standard procedures from the NAG-

library for various combinations of b1; b2 and hm. From

these simulated profiles the speed of the drying front was

calculated from a linear fit of the position of the front

between 0:1 < n < 0:8. In Fig. 4 the numerically deter-

mined speed from a simulation is plotted against the

calculated speed of the drying front from the analytic

Fig. 3. The dimensionless position of the drying front for

various drying experiments: clay [8], gypsum [4,9], fired-clay

brick [4,5] and sand–lime brick [5].

Fig. 4. The analytic speed of the drying front plotted against

the numerically calculated speed of the drying front for various

combinations of b1, b2 and hm. Each of the numerical speeds

represents the value determined from a numerical simulation of

the drying.

Fig. 2. The moisture profiles during drying for various values

of the front position sðsÞ, namely for sðsÞ equal to 0.01, 0.1,

0.25, 0.5, 0.75 and 1.0. These profiles are given using

A1 ¼ 0:003, b1 ¼ 100, A2 ¼ 0:006 and b2 ¼ 200.
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model. This figure clearly illustrates that an excellent

agreement (within 2%) between the two speeds is found.

This indicates the accuracy of the analytic solution to the

non-linear diffusion equation describing the second stage

of the drying process.

4. Examples of drying behaviour and comparison with the

analytic model predictions

Finally a comparison was made between the mois-

ture profiles measured during the drying process and

Fig. 5. The measured moisture concentration profiles during drying for (a) fired-clay brick, (b) gypsum and (c) sand–lime brick. The

time between subsequent profiles is 5 h for fired-clay brick and gypsum, whereas the time between profiles is 20 h for sand–lime brick.

Starting after 10 h the profiles are given for 30 h for fired-clay brick and gypsum, whereas starting after 40 h the profiles are given for

100 h for sand–lime brick. The solid lines give the moisture profiles as determined from directly fitting the analytic model to the

measured moisture profiles. The dashed lines indicate the residual moisture h1, observed at 45% relative humidity as used in these

drying experiments.
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those predicted by the analytic model. The experimental

profiles were measured using nuclear magnetic reso-

nance. One-dimensional drying experiments were per-

formed on various samples, i.e. fired-clay brick, gypsum

and sand–lime brick. In these experiments the samples

were dried using air with a relative humidity of 45%.

Fig. 6. The moisture diffusivity of (a) fired-clay brick, (b) gypsum and (c) sand–lime brick as determined from measured moisture

profiles [4,5]. The solid lines give the moisture diffusivity as determined from directly fitting the analytic model to the measured

moisture profiles (see Fig. 5). The vertical dashed lines indicate the residual moisture h1, observed at 45% relative humidity as used in

these drying experiments.
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An extensive description of these experiments can be

found in [5,6].

In Fig. 5 the measured moisture profiles are displayed

for various times after the drying front has entered the

material for fired-clay brick, gypsum and sand–lime

brick. The variations in the measured moisture profiles

reflect inhomogeneities in the samples. The analytic

model has been fitted to these measured moisture pro-

files by minimizing the sum of squares (SSQ) defined as

SSQ ¼
Xn

i¼1

½hmodelðx; tÞ � hmeasuredðx; tÞ�2; ð19Þ

where n is the number of data points (of the order of 135

per profile). This technique will determine the best fit

values for DðhmÞ, hm, b1 and b2.
The minimum was determined numerically by using

standard procedures from the NAG-library. The profiles

determined by the fitted analytic model are also plotted

in Fig. 5. As can be seen the analytic model describes the

moisture profiles especially well for the liquid part of the

moisture profile. The drying front is also reproduced

very nicely. For all materials the analytic model over-

estimates the moisture content in the vapour range.

The moisture diffusivity DðhÞ can be determined di-

rectly from the experimental moisture profiles by inte-

grating Eq. (1) with respect to x, yielding (see e.g., [5,6])

DðhÞ ¼
R x0

L oh=otð Þdx
oh=oxð Þx0

: ð20Þ

In this equation, use is made of the fact that the partial

derivative of h with respect to x is zero at the vapour

right-hand tight bottom (x ¼ L). The resulting numeri-

cally calculated moisture diffusivities are plotted against

the corresponding moisture content in Fig. 6. It is ob-

vious that the data in the figure have a significant scat-

ter, which is rather pronounced at both high and low

moisture contents. This is directly related to the accu-

racy by which the derivative of the moisture content

with respect to position can be determined. Despite these

uncertainties, however, the data clearly reveal a well-

defined variation of the moisture diffusivity with mois-

ture content. An extensive description, including an

error analysis, of the procedure for determining the

moisture diffusivity is given by Pel et al. [5,6].

Also shown in Fig. 6 are the moisture diffusivities of

the analytic model as determined by fitting this model

directly to the measured moisture profiles. As can be

seen for all materials the moisture diffusivities of the

analytic model are within the range of experimentally

determined moisture diffusivities.

5. Conclusions and discussion

An analytic solution has been given for the non-lin-

ear drying problem. It is shown that the minimum in the

moisture diffusivity is related to the drying front. This

drying front enters the material with a constant speed

determined by the type of material, consistent with ex-

perimental results. The speed of the drying front is not

only determined by the vapour transport but is also

determined by the liquid moisture transport.

The analytic model has been shown to give an ac-

curate solution when compared to the numerical solu-

tions to the non-linear diffusion problem. In comparison

with experimental data the analytic model reproduces

the liquid part well for both the moisture profiles and the

moisture diffusivity. However, the analytic model over-

estimates the moisture content in the vapour content

range. This indicates that in the analytic model the va-

pour transport is oversimplified by just taking an ex-

ponential relation.

The analytic model can be fitted directly to the

measured moisture profiles. This is to be preferred over

an indirect procedure such as determining the moisture

diffusivity from moisture profiles by integrating the time

derivative and dividing by the local derivative, which in

general results in large experimental error. On this basis

the analytic model gives a simple but adequate descrip-

tion of the moisture profiles produced as drying pro-

ceeds within a porous material.
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Appendix A

The function a can be approximated by

a b1U ;
b1
b2

� �
¼ 3

4b1U

� �
1

Nc 3=4b1Uð Þ : ðA:1Þ

Here, in contrast to the original paper [14], gr was taken
to be 3=ð4b1UÞ instead of 1=ð2b1UÞ when calculating the

average slope of dg=ds as this will give a better match

between the numerical calculated and the analytic speed

of the drying front.

The function Nc is given by

NcðgÞ

¼ 1

2
g

�
� K1g2 ln K1

�
þ 1

g

�
þ 1

K1

lnð1þ K1gÞ þ K2g2
�

� 1

2K3
1

lnð1
"

þ K1gÞ �
K1g

1þ K1g
� K2

1 ð1� K1Þ2g2
2

#

ðA:2Þ

with the parameters

d ¼ b1
b2

; ðA:3Þ

L. Pel et al. / International Journal of Heat and Mass Transfer 45 (2002) 3173–3180 3179



K1 ¼ 1� b1U ðA:4Þ

and

K2 ¼ d2 1

�
þ b1U

d

�
ln 1

�
þ b1U

d

�
� b1Uð1þ dÞ:

ðA:5Þ
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